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ABSTRACT: Dirac operator eigenvalues split into two when subjected to two different ex-
ternal vector sources. In a specific finite-volume scaling regime of gauge theories with
fermions, this problem can be mapped to a chiral Random Two-Matrix Theory. We derive
analytical expressions to leading order in the associated finite-volume expansion, showing
how individual Dirac eigenvalue distributions and their correlations equivalently can be
computed directly from the effective chiral Lagrangian in the epsilon-regime. Because of
its equivalence to chiral Random Two-Matrix Theory, we use the latter for all explicit
computations. On the mathematical side, we define and determine gap probabilities and
individual eigenvalue distributions in that theory at finite IV, and also derive the relevant
scaling limit as N is taken to infinity. In particular, the gap probability for one Dirac
eigenvalue is given in terms of a new kernel that depends on the external vector source.
This expression may give a new and simple way of determining the pion decay constant £
from lattice gauge theory simulations.
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1. Introduction

One of the most challenging — and perhaps most interesting — problems associated with
lattice gauge theory simulations of QCD is that of the chiral limit. Based on a variety
of different approaches it is now possible to perform numerical simulations of the theory
with two light dynamical quark flavours, at least in modest space-time volumes. By “light”
quarks we mean quarks that are very close to the actual physical masses of the v and d
quarks in QCD. Even if the masses of the physical u and d quarks had turned out to be
much heavier (on the typical QCD scale Aqcp), one would like to explore the chiral limit
of the theory in it own right. This is because the theory in this limit separates into to two
disjoint regimes, of which the low-energy part can be treated in a systematic manner by
means of effective field theory: the chiral Lagrangian based on the spontaneous breaking of
chiral symmetry. This low-energy theory of QCD with very light quarks can be understood
in much the same way that the low-energy limit of QCD without quarks matches on to an
effective string theory description, and both limits are of interest.

The so-called e-regime of QCD [[] is particularly useful for studying the chiral limit of
QCD in finite volume. It is well known how a universality class of chiral Random Matrix
Theory [f] provides an intriguing alternative description of the leading-order expressions
for Dirac operator eigenvalue correlation functions in this regime, results that also can be
derived directly from the low-energy effective field theory [, f. Even the distributions



of individual Dirac operator eigenvalues follow from a systematic expansion in the chiral
Lagrangian framework [f]. All of these analytical results depend on just one single low-
energy constant of QCD, that of the infinite-volume chiral condensate ¥. From a lattice
gauge theory viewpoint, this provides a new and unusual way of determining this low-
energy constant of QCD by measuring the lowest-lying Dirac operator eigenvalues. For
some numerical analyses see, e.g., refs. [{, [.

Recently, a new scheme was proposed which uses Dirac operator eigenvalues for deter-
mining the pion decay constant Fj in a somewhat similar manner [§]. Based on the chiral
Lagrangian formulation, the suggested method made use of a spectral 2-point function
associated with two different Dirac operators,

Dlwi’” = [D(A) +z‘um]w§"’ — z’A@%i"),
Dog” = [P(A) + iparold” = ixd" oyl (1.1)

corresponding, in the case p = p1 = —puo, to imaginary isospin chemical potential. Equiv-

alently, the two Dirac operators ([[.]) are simply in a constant background Abelian gauge
field, but with different “charges”. In the e-regime, the chemical potential p couples di-
rectly to F, in the form of the finite-volume scaling variable ji = uF;vV. Because the
sensitivity to p is quite drastic for the spectral 2-point function, this provides a clean
method for extracting Fy. There is sensitivity to the parameter i (and hence Fy) also
in other observables in the e-regime [f, [[0]. Alternatively, one may use a real chemical
potential to determine F, [[[1], with the same finite-volume scaling. The Dirac spectrum
is complex in that case.

The chiral Lagrangian approach of ref. [§] can, to leading order in the e-regime, also be
re-cast in terms of Random Matrix Theory, this time a Random Two-Matrix Theory [[J].
All eigenvalue density correlations are equivalent in the two theories [{, fl]. One loop
corrections to both ¥ [l] and F; [[J have been computed in the e-expansion. To that
order they simply amount to finite-volume corrections to the infinite-volume quantities
and Fj; the effective theory otherwise remains unchanged. It is of course important to
know the size of these finite-size corrections if one wishes to determine > and F; from the
eigenvalues of the Dirac operator by means of lattice gauge theory simulations at finite
volume. An alternative method for extracting > and Fj in the e-regime of QCD can be
based on fits to vector and axial vector two-point correlations functions; also here finite-
volume corrections are known analytically at sectors of fixed gauge field topology [14]. See
the recent review [[[§] for a summary of these different approaches.

In the Random Matrix Theory formulation analytical computations are substantially
simplified, and in ref. [[J] all possible spectral density correlation functions associated with
the two Dirac operators were found analytically. This includes all spectral functions in both
the quenched and unquenched theory, and even all spectral correlation functions associated
with “partially quenched” spectral correlation functions, where there is no back-reaction
of the chemical potential on the gauge field configurations. This latter set of spectral
correlation functions give the most fruitful way of extracting F, from lattice data since
one can make use of ordinary configurations without chemical potential. Once all spectral
correlation functions are known, one should in principle have all spectral data, and thus be



able to reconstruct individual eigenvalue distributions as well. Indeed, this was precisely
what was found in ref. [{] for the case without imaginary chemical potential. In the first
part of this paper we show that this is also the case here.! It was also shown in g that
in the quenched theory in the limit of large chemical potential all spectral and individual
eigenvalue correlations factorise into quenched one-matrix theory quantities.

In the second part of this paper we aim at determining in as closed form as possible
the precise analytical expressions for individual eigenvalues distributions. Such expressions
may turn out to be very useful alternatives for extracting F, from lattice simulations in
those cases where only a very small number of “good” eigenvalues are available, and where
it therefore may be difficult to construct the spectral 2-point correlation function with good
statistics. Here we concentrate on the smallest eigenvalue, but provide the general frame-
work for computing others. Based on the Random Two-Matrix Theory representation, we
derive an explicit and quite compact representation for any finite N. Taking the scaling
limit with N — oo, this provides the sought-for analytical expression for the lowest Dirac
operator eigenvalue distribution in the appropriate finite-volume scaling regime. Remark-
ably, the final expression is not much more involved than the one without external vector
sources.

From the point of view of mathematical physics, the resulting solution for the distri-
bution of the smallest eigenvalue in the chiral Random Two-Matrix Theory is of interest
in its own right. The solution cannot be mapped on to an analogous one-matrix theory,
so the distribution is new and presumably corresponds to a new universality class that is
parametrised by one real number 5. For this reason we include a rather detailed derivation,
even though the resulting formula is all that is needed for the purpose of applications to
lattice gauge theory simulations.

2. Eigenvalue correlations in chiral random two-matrix theory

We start by giving the theory we will solve for individual eigenvalue correlations, chiral
perturbation theory in the epsilon regime with imaginary chemical potential

ZIENf) = / dU (det U)”eiVF’gTr[U’B}[UT’B]+%EVTr(MTU+MUT) . (2.1)
U(Ny)

Here the matrix B =diag(u11n,, toly,) contains the two different chemical potentials, and
M = diag(my, ... ,mpy,) is the quark mass matrix of the Ny + Na = Ny flavours.

This theory and all its spectral density correlation functions are completely equivalent
to the chiral Two-Matrix Theory with imaginary chemical potential that was introduced in
ref. [19]. The equivalence for the two-point function follows from [f], for all higher density
correlations it was proven in [{]. It is defined as

N1 N2
FAMLNN / dody e NI EHYY) TT detDy + mpi) ] detlDs +mypo],  (2:2)
fi=1 f2=1

LA preliminary account of this was presented at a conference last year |. A comparison with Monte
Carlo data from lattice gauge theory was presented at the same meeting [[L7].



where Dy is given by

0 iU
Dy = 1,2 . 2.3
! <¢<I>T+mfx1ﬁ 0 >  f=1 (23)

The operator remains anti-Hermitian because the chemical potentials are imaginary. Both
® and ¥ are complex rectangular matrices of size N x (N + v), where both N and v are
integers. The index v corresponds to gauge field topology in the usual way.

Referring to ref. [[J] for details, we immediately write down the corresponding eigen-
value representation:

oo N Ny N
N v
ZM) = / 1T | deidyi(@iy)” ™ 1] (7 +mi0) [] @7 +mFs)
0 =1 fl=1 f2=1
« An({2? AN ({y?}) det [ (2dNz;y,)] e N 2 exritea? (2.4)

up to an irrelevant normalisation factor. Here the x;’s and y;’s are the real and non-negative
entries in the diagonal matrices X and Y, defined by

O =D+ m¥ = U XV,
By = O+ ¥ = UpYV, . (2.5)

Because of this redefinition the matrices ®; become coupled in the exponent, leading to
the above structure after integration of the unitary matrices U; and V;. This leads to the
following combinations of the two chemical potentials in eq. (R.4)):

1 = (1+ p3) /8%, ca = (1+u3)/8%,
d=(1+ p1p2)/8%, 1—7=d*/(cic9),
6= p2 —p, (2.6)

where the latter will become useful in section J.

The joint probability distribution function which is proportional to the integrand in
eq. (R-4) is defined as

N N1 Na
M (), (s fmad, fmad)= (Nf H (i)™ T @F +m3) T] 07 +mba) | 27)
2, S fl=1 fo=1

x An ({2 An({y?}) det [I,(2dNz;y;)] e NET crzfteay]

where Ay ({2?}) = Hj\;(:p? — 22) is the Vandermonde determinant. It is normalised to

unity

/me%<mwwmww 28)



From the joint probability distribution we can define an (n, k)-density correlation function

i=k+1  j=l+1

N 0 - (V)
Ruilaho o) = ==y [, L o T doy PG (s b (o)
2 1

N!

= 2.
(N = RN — 1)1 g0 (2.9)
w N N N
[T o TT e [ o] AnCi2D A7),
0 i=k+1  j=l+1
where we have moved the exponential and masses into the determinant, introducing
(Ny) 2 eay? 0 o
wy P (wiyg) = (i) e N OTTNNL 2dNwiyy) [+ m) [T 7 +m) -
f1=1 f2=1
(2.10)

Obviously R = 1 is normalised to unity. The Ry ;({}r,{y}:) can be expressed in terms

of a determinant of four different kernels. These are given by the (bi-)orthogonal polyno-

mials and their integral transforms with respect to the weight function eq. (R.1(), and we

refer to [[J] for details. The Ry ;({z}r, {y}:) will be the building blocks to compute the gap

probabilities as well as the distributions of individual eigenvalues of both type x and y.
We define the following gap probabilities as

NP2 . < t -
E = e oo oo e
(s, ) (N—k)!(N—l!)/o dxq d:pk/s dxp41 de/O dyr dyz/t dyiy1 ... dyn
< PY (ah fyd b {ma)), for ki1 =0,1,... N, (211)

where in the sequel we suppress the dependence on masses and topology for simplicity.
The Ej (s,t) give the probability for general k,I € {0,...,N} that the interval [0, s] is
occupied by k z-eigenvalues of D; and [s,00) is occupied by (N — k) z-eigenvalues, and
that the interval [0, t] is occupied by [ y-eigenvalues of Dy and [t, 00) is occupied by (N —1)
y-eigenvalues. It also depends on the masses and on pq 2 which we have suppressed here.

Similarly we can define the probability to find the k-th z-eigenvalue at value xj = s,
and the [-th y-eigenvalue at value y; = ¢, to be

N N s 00 t o]
pk’l(S’t)Ek<k>l<l>/ dxl...da:k_l/ dxk+1...da:N/ dyl...dyl_l/ dyl+1...dyN
0 s 0 t

N
XP,E f)(xl, ey L1, L =8, Tt1y--- TN, Y1y - - ,yl_l,yl:t,yH_l, e ,yN;{ml},{mg}).
(2.12)

Here the eigenvalues are ordered, z1 < ... < zy and y1 < ... < yp, and obviously k,l > 1.
The fact that the py (s, t) are probabilities that are normalised as

/ ds/ dt pri(s,t) = 1, (2.13)
0 0



can be seen along the same lines as for a single set of Dirac operator eigenvalues, as was
shown in the appendix of [fj.

Because we have two sets of eigenvalues we may also define mixed gap-probability
distributions as they will occur in intermediate steps. There are two different functions

defined as
N s [e%e) t 0
Eka(S,t)E l( )/dl’ldl’k/ dmk+1...d$N/dy1...dyl_1/ dyl+1...dyN
S 0 t
X PV ({33‘} Y, -5 Y1-1,01 = tvyl-i-l)"'ayN;{ml}a{mQ})7
fork=0,...,N andl=1,...,N , (2.14)
E k N N Sd d Ooal d td d ‘X’d d
t)= -_— _

pEL(s,t) <k:> (N—l!)/o 1 Ty 1/8 Tht1 HJN/O Y1 yl/t Yi+1 YN

x PO (@1, ey o = 8,0, a {y s {ma ), {ma)),

fork=1,...,N and1=0,...,N . (2.15)

The first quantity eq. (R.14) gives the probability that [0, s] is occupied by k of the z-
eigenvalues of D; and [s, 00) is occupied by (N — k) of the z-eigenvalues, given that y; = t,
where the y-eigenvalues are ordered. The second quantity eq. (R.15) gives the probability
that [0,¢] is occupied by [ of the y-eigenvalues of Dy and [t,00) is occupied by (N —1) of
the y-eigenvalues, given that x; = s, where again the z-eigenvalues are ordered.

These definitions include for example the probability pEj o(s,t = 0) to find an eigen-
value of the first type at x = s, where all y-eigenvalues are integrated out. We will return
to this in section [§.

3. Gap probabilities and individual eigenvalues from densities

We use the simple identity

(a—b) Ej: () Ity (3.1)

=

and choose a = [;“dxz and b = [ dz to replace all the (N — k) da-integrals [°dx in
eq. (R-11)) by a — b, and likewise for the corresponding y-integrations. We obtain

N2 s t
E t) = dxy...d dyy...d 2
k1 (8,t) (N—k;)!(N—l)!/O 1 xk/o Y1 ... dy (3.2)

() () (L s

N—I
N
xZ(—l)J( j )( )N - ]</l>dyz+1 PO (e} (s frmn ) fma})
=0
N— N—l(_l)i+j s
= ] dxy ...dzg, dy1---dyl+ng+z,l+g(ﬂf1,---,$k+i,y1,---,yl+j)-
i—0 j=0 - Jo 0



Here we have used the invariance of the joint probability distribution under permutations
of both {z} and {y}. The formula (B.J) neatly expresses the gap probability in terms of
spectral correlation functions of both sets of eigenvalues. The latter can be derived from
k-point resolvents in chiral perturbation theory by enlarging eq. (R.1)) to the corresponding
supergroup integral, see [[I]. Thus we have shown how in this setting also gap probabilities
and individual eigenvalue distributions follow at the level of the chiral Lagrangian.

We may introduce a generating functional for all gap probabilities,

) 1 s t
E(s,t;&,n) = Z(—{)’(—n)ﬂf/ dxy ...dz; / dey...dxj Ry j(x1,...,%i, y1,--,Y5),
520 gl Jo 0
(3.3)
where the term at ¢ = j = 0 gives unity. It immediately follows that
ok o
Epi(s,t) = (=DM — — (s,t;{,n)‘ , for k,1=0,1,...,N . (3.4)
ok an E=1,n=1

We will now relate gap probabilities, mixed and individual eigenvalue distributions to
density correlations. It can be easily shown that

0
55 Erals:t) = KL(pEii(s,t) = pEyi1a(s,1)) - (3.5)
For k =1 =0 we have 9
&EO,O(Sa t) - _pE1,0(37 t) ) (36)
as from the definition pFEj; has k > 1, and thus we set pEy;(s,t) = 0. Similarly it follows
0
aEk,l(Sat) = 1 (Epk(s,t) — Epgita(s,t)) , (3.7)

where again Epy o(s,t) = 0. If we differentiate the mixed correlators we obtain

0
55 EPri(s,1) = kL (pri(s,t) = prvri(s, 1) (3.8)
0
5P Era(s:t) = U (pra(s,t) = prisa(s,t)) (3.9)
Finally, if we differentiate the gap probabilities twice we arrive at
2
Fegp Lri(s:8) = KU (pka(s,1) = prara(s,t) = Prga(s,8) + prrrgn(s,1)) - (3.10)

Of course the order of differentiation does not matter, as one can easily convince oneself.
The boundary conditions to be imposed here and in eqs. (B.§) and (B.9) follow from

2
@Ek,(](*%t) = - k' (pk,1(37t) _pk-i-l,l(sat)) )
82
mEO,l(&t) =1 (le(S,t) _pl,l+1(s7t)) . (311)

Again from the definitions we have py o(s,t) = po (s, t) = 0.



The probabilities py;(s,t) can be solved for the (mixed) gap probabilities in three
different ways. Summing over k in eq. (@) or over [ in eq. (B.9) we obtain

10

" 1) = —_E t
Pnt1,1(8:t) rart Ll Os Pri(5:1)
~10

Alternatively one can sum over both k and [ in eq. (B.1(]) to obtain an expression in terms
of gap probabilities alone

1
Prtig+1(s,t) = +ZZ 1 9s atEkl(s t) . (3.13)

Let us give some examples. For the snnplest case of k =1 = 0 we get the probability
that the interval [0, s] is free of x-, and the interval [0, t] free of y-eigenvalues:

Eools.0) = [ Hdazi [ T P27 (o) by fmah) . (314)
s -1 t j=1

and we obtain

2
888tE0’0(87t) = p171(8,t) . (315)

Explicitly we have for this gap probability the expansion eq. (B.3) given already in [L6]

s t 1 s
E()70(S,t) =1- / dx RL()(x) — / dy R071(y) + 5 / dajldl’g R270(x1,x2)
0 0

0

1 t
+§/ dyidys Ro2(y1,y2) + ...
0

S t 1 S t
+/ dx/ dyRi1(x,y) — —/ d$1d332/ dy Ra 1 (21, x2,y)
0 0 2 Jo 0

1 s t
—5/ da:/ dyldngl,g(az,yl,yg) 4+ ... (3.16)
0 0

The terms in the first two lines containing only s- or t-dependent integrals are annihilated
by the differentiation in eq. (B.19), and we get to the same order

S t
p1,1(s,t) = Ria(s,t) — / dz Ry q(x,s,t) — / dy Ri2(s,t,y) + ... . (3.17)
0 0

4. An exact expression for the first eigenvalue distribution

In this section we derive a closed expression for an individual eigenvalue distribution, the
probability to find the first eigenvalue of Dy at s irrespective of the position of the Ds-
eigenvalues. Our solution given in terms of a new kernel and polynomials holds for any
number of flavours Ny and Ny and arbitrary chemical potentials p1 and ps. In particular,
we can partially quench the type-1 flavours (putting N7 = 0) with p; # 0 in gauge theory
with type-2 physical sea-quark flavours (i.e., Ny # 0) with pe = 0. This case is probably
the most interesting for applications to lattice QCD.



4.1 The finite-N solution

We first consider the gap probability that the interval [0, s] is empty of z-eigenvalues,

Eyppo(s,t=0) = /OO dxy...dzy /000 dyi ...dyn 77,, ({x} {y}; {m1}, {ma}) . (4.1)

From this the sought probability follows by differentiation, pE1 o(s,t = 0) = —0sEp0(s,t =
0). We will now perform a series of steps before arriving at an exact expression for finite
N. The appropriate large-N scaling limit will be taken in the next subsection.

First, recalling the definition of the joint probability distribution eq. (P.q) we can use
the fact that all y-eigenvalues are integrated out in eq. (f.1) for a symmetry argument.
The Vandermonde determinant Ay ({y?}) and the determinant of the Bessel function are
antisymmetric. Therefore we can replace the latter by its diagonal part times N!

EQ@(S,O) = W/ dxl de/O dy1 ...dyNAN({(L'2})AN({y2}) (4.2)
2 2 M Mo
X H (wiys)' T e Nrited I (2dN2;y;) H (2 +m7) H (y7 +m3)
i— fl=1 f2=1

In the next step we use a known identity relating the Laguerre weight times the I-Bessel
function to an infinite sum over Laguerre polynomials (see e.g. eq. (B.7) in [1F]). With
this decomposition we can exploit the orthogonality properties of these polynomials. For
simplicity of the proof we will first consider Ny = N = 1 (N = 2) with masses m; and
my, and later give the general result for any numbers of flavours. We thus have

N
N! (o) 0o
EQ@(S,O):W/ dxl de/O dyl...dyNAN({x AN {y } H xT; —|—m1 yl —i—m%)
v s =1

N

gl (1—7)™
Nd) v+l o \2v+1 —Nt(c1z24cay?) nl‘iLV N L N
X};Il(( )TV () e 7;:0 (it0) (NTcy; ) ( 7'02112)

(4.3)

with 7 = 1 — d?/(cic2). Next we include the mass ms into the Vandermonde determinant
An({y?}), and then replace it by a determinant of Laguerre polynomials normalised to be
monic

N
WD TT0F +m3) = Axaa(lima)?, ) = | det ()7 (NTea) 7L (Nrea)]
=1 ’ e

(4.4)

where yog = imy. We observe that the Laguerre polynomials LY (NTcoyy) now all appear

2v+1 —NTCQyZ

with their corresponding weight function ; , except for yo of course.? Writing

the determinant eq. ([.4) as a sum over permutations we can integrate out all variables y;

2Note the additional 7 in the exponent comparing eq. (@) and (@), coming from the identity for the
I-Bessel function.



to yn successively, each integral killing one infinite sum over n;. Thus, under the permuta-
tion each L%l) (NTcay?) gets replaced by L( )(N Teyz?) times the norm from the integration
and the remaining factor from inside the sum. We can therefore rewrite the result again
as a determinant, with the first row containing the mass yg = ims unchanged:

N
N! o0
EQ@(S,O): (Nd)NV N(V+1)/ dxl deAN {$2} H a: +m1 2V+1 —N'rclx
=1

Z(l—i—l) s
LY(Ntea(img)?) - (EVT)CQJ)' LV(NTCQ(im2)2) ((]VB'T])V'LV (NTca(ima)?)
s Ly (NTeya?) - ML()(NTC z2) - ML()(NTC z?)
x| 2(NTez)7 10 141 2(NTea)iTr T 11 2(NTca) NFv+I 141
] 7)I )N NI N (v
2(Nrcz)“+1L0(N Tary) - 7((1\;Ti2()11+v)+1L( ((NTerzd) - ‘(2(N)_T]c\;)(flw)+1 Ly (N7era)
NINd)NeNEHITY ((1—7)(N7ep) N
_ ( ) - HQ_O( )( 2 d$1 deAN({$2})H(x _|_m1) 2u+1 —NTC1:E
Z0F )2N(N7'62)N(V+1) i1
Ly(NTea(img)?) -+ (1= 1) LY(N7ea(img)?) -+ (1 — 1)~ N LK (NTea(ims)?)
" LY(Nteyx?) - LJV-(N7'61$%) e L]VV(N7'61$%) (45)
Ly(NTeia%) - .Z/?(NTCLT?V) LX (NTc1%,)

taking out common factors. Here we have defined the following notation for monic Laguerre

polynomials

n

L) = (-1t Lia) = 3 (-1

=0

n!(n + v)! .
n— )\ (v + 5)l!

(4.6)

The last determinant in eq. (L) can be almost mapped to a Vandermonde determinant,

using the following identity:

A

LE(M22) =7 7-) LV(M2) WIZ%(MQ%
Ly(xy) - Ly(XY) - LR(XD) | L
Lg(X%) LY(X3) LY (X%)
& M2 T £y M3 N fy M3
0( 7—2) (1_37—)3 Lj( 7—2) (1_T)NLN(T2)
2j 2N
iy
1 X3 XN
where we have defined
M2 = Ntey(imo)? and XE = Nreyas . (4.8)

A proof of this relation is given in appendix [A].

— 10 —



2

We can now change variables z; — u; = 22, and perform the shift Uj — 2j =Uj — S

J )
to obtain integrations [; dz; in eq. ([LH). The change of variables and subsequent shifts
induce the following changes:

) — An({z}),
) = (2 + 5" +mi) = (z; +m)?),

u — (zj + 5%,

An({u}
2
1

(uj +m

_ _ o 2
e Ntciu; e NTClZle Nrcys ) (49)

In other words: the Vandermonde determinant remains invariant, the mass m receives a
shift to m’12 =52+ ml, the topology term becomes a v-fold degenerate mass term with
mass s2, and the weight is shifted by a constant factor. While this is just as in the chiral
one-matrix theory, the difference here is that the almost Vandermonde eq. (JL7) is not
invariant, and becomes

£y M3 iy M3 N iy M3
B8y o i) - iy ()
1 X X - (4.10)
1 ... X]2Vj X32N
7y M3 v M3 v
R o Rl e k()
_ 1 - (N7ey(z1 +8%)) -+ (N7ey(z1 + s ))N
1 (NTCl(ZN—I—S2))j -+ (N1ey(zy + s2)N
. M2 : v v
LO(TQ) ? 0 (1—7) T) L ( )( 52)j l() Zl =0 (1—7) T) L ( )( 52)N l(JlV)
_ 1 Z{ ZN
1 ... Z} zN
where we have defined
S% = N7¢ys® and Z = N7eyz (4.11)

Here we have subsequently added columns? to turn back to monic powers in Z;. The fact
that it is not quite invariant illustrates the fundamental property that there is apparently
no way to map the present two-matrix problem onto an equivalent one-matrix problem.
In the next step we turn the monic powers Zij back into monic Laguerre polynomials,
using again the invariance of the determinant. This will introduce yet another sum over
the Laguerre polynomials in the mass variable M2 in the first row. Because of the shift
eq. (.9) we only need to generate Laguerre polynomials with topology v = 0, ﬁ;’ =0 = i}j,
to obtain the polynomials orthogonal to the shifted weight. We thus obtain for the last

3Usually one goes from monic powers to monic polynomials in this step. It is easy to invert this by
defining Z] = Z; + S? and then going from monic powers Z,’ to polynomials (Z; — S?)7 = ZJ.
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determinant in eq. (f.10)

Qo(M3) -+ Q;(M3) -+ Qn (M)

Lo(Z) -+ Li(Z) -~ Ln(Z1) (4.12)
Lo(Zn) -+ Li(Zn) -+ Ln(Zn)
which defines new polynomials
2 N ()P (MY (i
Q"<M2)—Z%(n—j)!(j!)?;(l—ﬂl“( =) s ()
= 7 gt () Hhea)
n l k-Hll
_ (_)nn!ZLln 52 Z l— ) k! 1_7_) Lk(M22)
0
_ nuz LML, (—S?%) . (4.13)

In the first step we have swapped sums, Z;'L:o Z{:O — > Z;L:l, such that the powers
in S? give the Laguerre polynomial Lﬁl_l(—Sz). In the second step we have used the
identity ([A.§) backwards in order to take the argument 1/7 out of the first Laguerre
polynomial, in choosing z = M3 and w = 1/7 in eq. (A.§). This goes at the expense of
introducing another sum. After swapping again sums to » ;> ", the latter sum over
the generalised Laguerre polynomial in —S? can be simplified, using the following identity,

n—k
st = ey (T e (@14

=0

A proof of this simple identity is presented in the appendix B} Note that all polynomials
L;ik(—Sz) are proportional to —S2, except for n = k as Ly '(—S5?) = 1. This will become
important when computing the normalisation in the limit s — 0.

The explicit appearance of a new set of polynomials is again a reminder that we cannot
map the problem onto a one-matrix problem. Of course, in the limit of the deformation
parameters /i1 2 — 0, the polynomials Q, (M%) reduce to Laguerre polynomials. In the form
given in the last line of eq. ({.13) the new polynomials @,, are amenable to the large-N
scaling limit that we take in the next subsection.

Returning to the gap probability, in the last step we now replace in eq. ({.5) the deter-
minant Ay ({2?}) = An({z}) times the mass term by a larger Vandermonde determinant,
and then replace monic powers by Laguerre polynomials monic in the arguments z;. The v
degenerate masses obtained after the shift eq. ([.9) can be dealt with by first taking them
different, and then taking limits by multiple application of ’'Hopital’s rule. For simplicity
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we set v = 0 in all of the following. We have

N
N2 [ [+ mi?) = A ((imh)? {z}) = (=Y 3! (NTer) P Lj(NTerz)]
=1

0, LN
(4.15)
where we define zp = im].
Let us collect what we have derived so far:
FEoo(s,0)= N!Héy:(](l(;:))](NTCZ)_](NTQ)_] e_szsz/oodzl dzy e~V ELomerz
Zy V22N (Neg)N 0
Lo(M{?) - Li(M{?) - Ly(M7?) || Qo(M3) -~ Qj(M3) - Qn(M3)

Lo(Zy) -+ Li(Z) -+ Ln(Z) || Lo(Z1) -+ Lj(Z1) -+ Ln(Z1)
Lo(Zn) -+ Lj(Zn) -+ Ln(Zn) || Lo(Zn) -+ Lj(Zn) -+ Ln(Zn)

Here the definition
M{? = Ntci(imh)? = =N7ey(m? + s%) (4.17)

has been used. We can now apply the orthogonality of the Laguerre polynomials with re-
spect to the weight e=N7¢1% to compute the N-fold integral over the determinants, applying
the standard Dyson Theorem. We thus obtain the final answer for finite /V:

Eoo(s,0) = Ce N5 Ky (M2, M3,

N
Ky (M2, M) EZT) (M2)Q; (M) (4.18)
7=0

This result defines a new k:emel of the polynomials L; and @; in the (shifted) masses. The
constant C' =1/ Z] 0 [T=ry7 T) L;j(M?)L;(M3) that is inversely proportional to the partition

function Z(g +1) ensures the correct normalisation lims_,g Eoo(s,0) = 1. It can be obtained
independently by computing the partition function

S041) _ NPT (N2 (1 = 7) (N7ey) ™ (NTep) ™

N
0 - 22N (Nep)N(N1eg)NV JZ:;] 1—7

) Li(M?)L;(M3), (4.19)

following the same steps as before but setting s = 0. The calculation simplifies in eq. ({.10)
so that the @;’s become Laguerre polynomials. Indeed as a check we can take

lin @ (43) = (L), (420)

where only the term L (= S?%) = 1 contributes to the sum. This already indicates that
this last term in the sum is special.
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As a further independent check we may take the limit uq, e — 0 (= 7 — 0). In this
limit the two Dirac operators become equal, D1 = Dy, and we should recover the known
one-matrix theory result [R{]. Indeed, we get

lim ()

n
L Qn(ME) = Y Li(—=Nm3) L1 (- Ns%) (4.21)
M1, 12 —o

n
_ J”' ZM (—52)i~ l(z) = Ln(—N(m§+s2)>,
j= 0
e., Laguerre polynomials of shifted mass just as for the first flavour m/}. This follows
from the first and last line of the definition eq. ({.13)). Inserted into the kernel eq. (£.18)
we obtain the one-matrix theory result for the gap probability in terms of the partition
function of 2 flavours with shifted masses.

It is straightforward to see that for more flavours, N1 > 1 and Ny > 1, the very same
steps still go through (see also the corresponding determinant identity in appendix [A]). The
only difference is that there will be more rows with masses of flavour /Ny in the determinant
eq. (17), and more masses of flavour N, in the new polynomials @; in eq. (f19). The
absorption of the mass terms into a larger Vandermonde determinant leads to inverse
Vandermonde determinants in each of the N7 and Ny masses, which can be taken out of
the integral. We arrive at

1

o0
Ey0(s,0)~ )e_NZTCISZ/ dzy ...dzn e~NZiZorerz (4.22)
0

N
( f)ANl (mil)ANz (mffz

L (Mﬁ D) Dveny  (MBZ) || Qo(MFy_y) -+ Quiny—1(MFy_y)
y LO(Mjlvzl) ﬁgv+N1—1(Mz'v21) Qo(M,) -+ Qn+np—1(MF,)
Lo(Zl) o Lnyn—1(Z1) Lo(Zl) o Lyyn,-1(Z1)
LO(ZN) o Lnyni-1(Zw) Lo(ZN) -+ Lnyny-1(2n)

The orthogonality of Laguerre polynomials can be exploited in the manner of ref. [[J]. This
leads to the following determinant expressions. For an equal number of flavours Ny = Ny
we have?

1 2 2
Eo0(s,0) = const.— e Vs det [KN+N1—1(M}21=M]%2)] .
2™ Ay, ({m2 ) Ay, ({m3,}) SIEES

(4.23)
In the case where Ny (N2) is larger, the determinant is of size N1(N3) and contains additional
polynomials Lj(Mj’f) (Qj(M?,)) to fill up the additional columns (rows) [[L9],

N1 > Ny : Eyp(s,0) = const. o) ! e~ NPrers? (4.24)
zy ! ANI({mi'l})A]\b({m?”Q})

x det, [Knny 1 (M5, MFy_y) -+ Ky (M3, MRe,) Livin, (M) -+ Livan, 1 (M)

We omit all mass dependent normalisation constants here that can be obtained easily. In particular
they will cancel the Vandermonde determinants of the masses, see e.g. [@] for the partition functions.
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where we display the f1-th row in mass M ﬁ of flavour Ny, and

Ny > Ni:  FEyp(s,0) = const. (N ] ! e~ N*rers® (4.25)
PAN ({mf 1) AN, ({mh,})

X det, [Knavi1 (My, MyT_q) -+ Kvgnia (Mo, M2 ) Quny (M) - -~ Qg1 (M)

Here we have transposed the matrix to display the f2-th row in mass M]%2 of flavour N,.
For example, this includes in particular the interesting case of quenching the first

flavour (i.e. putting N7 = 0) while keeping its chemical potential nonzero, pu; # 0. This

quenched flavour can then be measured in the background of Ny = 2 flavours with masses

mq and mao
—N27cy 82 -N 2 _N 2
No=2,N;1 =0: E070(s,0):const.—(§) det @n( Tc2m§) @ Tczm%) .
2P (mi-—m2) | @n(=Nream3) Qnia(=N7egm3)
(4.26)

In particular, setting the chemical potential of the dynamical flavours Ny to zero, ps = 0,
will not eliminate the other chemical potential 3 # 0 (see eq. (R.6)), or reduce to a known
one-matrix quantity. This non-trivial u-dependence due to the valence quarks can serve as
a clean way to measure the pion decay constant F from gauge field ensembles generated
with dynamical light quarks that carry no chemical potential.

Finally, as was pointed out earlier, the probability corresponding to non-vanishing
gauge field topology v # 0 can be introduced by adding v extra masses of Dj, and then
taking them to be degenerate with value s2.

4.2 The large-N limit

In this subsection we take the large-N scaling limit by the same rescaling as in ref. [[7], to
which we refer for more details. We first derive the limits of all building blocks needed for
the general case, and then specify the fully explicit result in three examples in subsequent
subsections.

All eigenvalues, the gap and the masses are rescaled in the same way (as would be
9 = 2Ny), the usual microscopic limit

r=2Nx §=2Ns,
EQNmf, [LfEZN,U?L‘ for f=12,

All scalings including the chemical potential keeping N ,ufc fixed can be read off from the
chiral Lagrangian eq. (R.I]). For the various constants containing the gy this implies the
following scaling:

1 .
lim (1—7)"%=exp [—rtéz} where t=j/N, r=k/j,
N,j,k—o0 2
A}im Tep =1 for f=12. (4.28)

— 15—



For the Laguerre polynomials the following scaling holds:

i Li(M%2 = —=Nteymi?) = In(VE m)), (4.29)
3] —0Q

1 t
. —1 2 _ 2 _ ~ ~
N]hgn L 40(=8" = —Nreys”) = 5\ aT=n sL(v/ (1 —mr)ts),

recalling 7,2 = 1} + 4% Special care has to be taken in the asymptotic of the new

polynomial,
lim (_—)jQ-(M2:—NTCQm2):1im ]i#Lk(M?) L7t (—S%L#L-(M?) 1
5500 j! J 2 2 o0 P (1_7_)k 2 i—k (1_7_)j J 2
1t : t
= Qg(m2;t)z§/ dre3™ I (\/ﬁmg),/l—gh <\/(1—T)t§)
0 —T
+ et (ﬁ m2> . (4.30)

Here we have to split off the s-independent part L L' — 1, which is the single term surviving
in the limit s — 0, and which hence ensures the normalisability of the probability in that
limit. Usually neglecting a single term when replacing a sum by an integral amounts to
removing a quantity of measure zero, which should be irrelevant. However, in our case
this is not true as the convergence in § is not uniform. Therefore we have to treat that
term separately and find the “anomalous” Iy-term in the scaling limit. That this procedure
is correct is checked by computing the normalisation before and after taking the large-IV
limit. This curious phenomenon together with the appearance of Laguerre polynomials
LJ__lk leads to our new microscopic kernel.
The final answer for the microscopic limit of the new kernel in eq. (J.I§) thus reads

1
Kg(m},mg) = lim NKNH(M’Q,MQQ) (4.31)

N—oo

1 1 1 1 272 §2
=2 | dTT?*I,(TW), / AdRR——— e300 [ (RT5) 814 (8T 1— R2
/0 0( 1) 0 m 0( 2) 1 ( >
1 N
+2 / AT Te3™0 Iy (Trid)) Io (Trina)
0

where we have changed to squared variables. This kernel can no longer be related to single
partition functions of shifted masses, as it was the case in the one-matrix theory [20].

Likewise we obtain for the normalisation constant which is proportional to the partition
function,

N 1
: 1 1 2 2y [y - .
]&@mN;ij(Ml)Lj(Mz) = 2/0 dT'T exp [aT 62| Io(Trny) Io(Trng) . (4.32)
Note that the first mass 1y is not shifted here, in contrast to the previous equation.
Partition functions of more flavours follow easily given the building blocks above, together

with the general expressions given in [[9, [3]. We now have all ingredients to obtain all
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gap probabilities with any flavour content by inserting the asymptotic kernel eq. (4.31)
and asymptotic polynomials egs. (f.29) and ([£.30) into the respective eqgs. ([.23) — (£.29),
normalised by the corresponding partition function.

In the following we give three simple examples that illustrate these very general expres-
sions. In order to guide the eye we mostly display the distribution of the first eigenvalues
versus the corresponding eigenvalue density it has to follow. For comparison to Lattice
results the gap probability that we give explicitly may be even more useful as it allows for
a binning independent comparison with data.

4.3 Two light flavours

Let us first consider the gap probability corresponding to two flavours Ny = Ny = 1, as
given in eq. (.1§). Collecting the formulae from above we obtain

1 -1
; 1
lim EQO(s,oEEggg(g,m:( / dTTez” 252[0(Tm1)[0(Tm2)> exp [—Z§2]
’ 0

N—oo
1 1 1 .
x < / AT T2 (i) / dRRﬁe%RzT%ZIO(RTmQ)g I <§T\/ 1—R2)
0 0 -

1 .
+ /0 dTTex"" IO(Tm’l)IO(ng)> . (4.33)

Once more we can perform an analytic check by taking § — 0 in order to go back to the
known one-matrix quantity [2(]. Using the following so-called Sonine integral identity [RI]
(that also follows from the large-N limit of identity eq. (4.21))

1
S/o dx% Io(mz)(sV/1—22) + Io(m) = Io(vVm?+s?), (4.34)

— X

we obtain the known gap probability [R(] as a ratio of a two-flavour partition function with
shifted masses over one with unshifted ones.® As an illustration, we show the distribution
of the first eigenvalues pgflzolﬂ(ﬁ,O) = —8§Eévf0:01+1(§,0) for different values of § and

compare it to the corresponding densities in figure . From [[J] we have for the density

[l aetdo(t@)To(tin) fi dtt €30 Jo(t2) Ty (trig)
X

: . (4.35)
[t dtte20% [o(triny ) T (trins)

14+1), ~ ~
Ao (@) = p (@) -

where we have introduced the one-matrix model quenched density p?MM(jj) from eq. (4.37)
below.

At 5§ =0 eq. (JE35) coincides with the corresponding one-matrix model density
eq. (f£39) below. For 6 = 1 the curve is still close to this density, compare to figure Bl.
For 4 > 1 the curves approach the one-matrix quantities of one flavour Ny = 1 with mass
my = 3 (the flavour corresponding to the y-eigenvalues gets quenched), compare again to
figure Pl below. This fact can be seen analytically, by taking the limit § — oo in eq. (E39)

5The remaining integral is elementary and gives a 2 x 2 determinant of Bessel functions.
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0.3}

2 4 6 8 10
Figure 1: The eigenvalue density and first eigenvalue for Ny = 1 + 1 with imaginary chemical

potential § = 1 (low red), 3 (middle green), and 10 (upper blue curve), at fixed quark masses
i = 3, 1 = 4.

0.5y

0.4

0.3}

2 4 6 8 10

Figure 2: The eigenvalue density and first eigenvalue of the one-matrix theory: two flavours with
my = 3, 2 = 4 (low red), one flavour with m; = 3 (middle blue), and the quenched case (upper
black curve).

and doing a saddle point approximation,

1 . . .
lim [ dtt e2t Jo(ta)Io(trng) ~ 6229 Jo(2)1o(1h2) - (4.36)

6—o00 J0
The S—dependent integrals get replaced by their values at the upper limit ¢ = 1, and we have
also computed the subleading coefficient for later convenience. After cancelling common
factors in eq. (4.39) we obtain, as we should, the one-matrix density for one flavour with

mass 7 as in eq. (f40) below. We have checked that the same limit applies to the first
eigenvalue distribution.
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Figure 3: The eigenvalue density and first eigenvalue for Ny = 0 + 1 with imaginary chemical
potential § = 1 (low red), 3 (middle green), and 10 (upper blue curve) and fixed quark mass 7, = 3.

For the comparison above we give the following known one-matrix quantities [R0, B2
that are displayed in figure . The quenched density and its first eigenvalues read

12,2

Se 1% . (4.37)

N —

. z . . .
p?MM(ﬂf) = 5 (J0($)2 + Jl(x)Q) ) plQMM(S) =
The massive two-flavour density is given by

. [ dttdo(t2) I (triny) [} dttJo(t2) o (i)

(G Q ;
P T)=p ) — 4.38
1 (2) i (2) f01 dttIo(trn ) Io (g ( )
as well as its first eigenvalue distribution by
@ o L, 1e D(my)myls(rg) — () I3 (1))
§) = =8¢ 4 — — —= — . 4.39
leM( ) 2 Io(ml)mgfl(mg) — Io(mg)mlfl(ml) ( )

Here primed masses are shifted according to m;2 = m? + s2. We also need the one-flavour
density and its first eigenvalue

Jo(t2)Io(tr)

1
W (@) = Py (@) — Edole) 202t

2) = - : 4.40

P1yvm Piyvm To (1) ( )
1 . 1, _1g IQ(m,12)

§) = —ge i ) 4.41

leM( ) 2 IO( 1) ( )

4.4 Partial quenching

(]

As another example we can consider the partially quenched gap probability eq. (f.24) with
N; =0 and one single (Ny = 1) flavour of mass mq,

L] Qatinst =

To(in) (4.42)

(O+1) (& ) — 1o
Eg 0 (5,0) = exp |:—ZS ~3
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0.3} o

2 4 6 8 10
Figure 4: The eigenvalue density and first eigenvalue for Ny = 0 + 2 with imaginary chemical

potential 6 = 1 (low red), 3 (middle green), and 10 (upper blue curve), at fixed quark masses of
flavour N2 ﬁ’Ll = 3, T?LQ =4.

where the extra d-dependent factor e=9*/2 comes from the partition function Z(SOH) that

normalises this gap probability. Its derivative is shown in figure Jj together with the corre-
sponding density [19]

. . 1| o Jo(Z
pgoarl)(x) = plQMM($) — exp [—552} z o

) ! 17252 . .
Io(1hy) /0 dTTe>""* Io(Trn1)Jo(T%) . (4.43)

Again we recover the one-matrix density eq. ([£40) when setting 6 = 0 in eq. (E43). For
6 = 1 the curve is still close to this one-flavour one-matrix result, see figure B, and for
§ > 1 the curves approach the quenched one-matrix density. This can again be checked
analytically by taking § — oo of eq. (E43) and using eq. ({.36). The exponentials cancel
but the prefactor 1/ 62 makes the second term in eq. (E:43) vanish, leading to the quenched
result. Again these limits § — 0 and 6 — oo can also be checked for the gap probability.

As the last and probably most physically relevant example we consider the partially
quenched case of Ny = 0 and Ny = 2 flavours with two possibly non-degenerate masses 1y
and My

Qs(myst =1) 0;Qs(mmy;t) .

Qs(mg;t = 1) ath(mg;t)

(0+2) 4 Lo 2 =1

E 0) = 2§ . 4.44
s00(50) =exp [ 1° } To (i )il (12) — Io (o )i I (1) (4.44)

det =1

When setting jis = 0 to have the sea quarks of flavour Ny free of chemical potential we
simply have § = —ji1 # 0. The limit of equal masses can also be taken at the expense
of a further derivative within each determinant. As stressed before, this case should be
particularly useful for lattice gauge theory simulations, since it corresponds to ordinary
configurations without chemical potential.
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1 2 3 4 5 6 7

Figure 5: The integrated lowest eigenvalue distribution 1 — Ego(s) for 1 + 1 flavours eq. ({.33)
(lower red) and 0 + 2 flavours eq. (f.44) (upper black curve), both at masses 7y = 3, e = 4 and

5 =3.
The comparison to the spectral density given by

pﬁz)(:ﬁ) = PP (&) — exp [—%52} z <m111(m1)10(m2) — Thzlo(m1)l1(m2))_l (4.45)

)

1 .
x [ /0 dttedt Jo(a}t)lo(mlt)(— To(1a) (&1 (@)+S2J0(ge))—mQIl(mQ)JO(ae))

1 .
+ / dtte3®? Jo(t) Io (inat) ([O(ml)(:zjl(:z)+82jo(:z))+m111(m1)J0(93)>] ,
0

is shown in figure . The one-matrix model result with two flavours is again recovered by
setting 5=0 given by eq. ([£3§). For 5 =1 the curve is close to the two-flavour one-matrix
result, see figure [, and for 5> 1 the curves approach the quenched one-matrix quantities,
see figure f. This matching can once more be checked analytically by taking 5 — oo of
eq. ([£47). Using eq. ([£.36) as well as the cancellation of the two terms proportional to 52
in the last two lines of eq. (J1.45) leads again to a complete quenching of all flavours. The
same can be checked for the gap probability.

Finally we can also compare directly the gap probabilities in our two-matrix theory for
1+1 flavours and 0+2 partially quenched flavours, where in figure f| we show 1—Ep o(s). For
6 = 1 the difference is still small but it grows rapidly with increasing § since both theories
converge towards different limits for § — 0o as was pointed out earlier. Equivalently this
results into the following comparison for the densities and first eigenvalue shown in figure [§.
It should be noted here that the quantity 1 — Epo(s) is the integrated lowest eigenvalue
distribution, by some considered a convenient quantity for comparison with the lattice
gauge theory data.

We end this section by pointing out that there is no analogous computation of a -
dependent Dirac eigenvalue distribution in the fully quenched case. The mixed two-point
spectral correlation function has non-trivial y-dependence [f] (and this dependence allows
for the determination of a quenched value of F using this technique). But the one-point

6There is a term missing in the bottom right of the 3 x 3 matrix in the relevant formula eq. (3.53) of [E]
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Figure 6: The density and first eigenvalue for 1 + 1 flavours (right blue) vs. 0 + 2 flavours (left
black curve), both at masses 1 = 3, 72 = 4 and fixed § = 3.

function is p-independent in chiral perturbation theory because it is generated by the
addition of just one valence quark; it is pu-independent to all orders in chiral perturbation
theory because the valence pions do not carry net baryon charge.

5. Conclusions and outlook

The two main results of this paper are the following. We have shown how individual
distributions of the lowest-lying eigenvalues of Dirac operators that are subjected to two
different external Abelian vector potentials (“imaginary chemical potential”) can be derived
from field theory. The results have been given in terms of generalised gap probabilities from
which the distributions can all be derived.

To compute the gap probabilities from field theory one needs to know spectral corre-
lation functions, all of which can be given a well-defined meaning in the field theoretical
setting. In particular, in the scaling region known as the e-regime, these eigenvalue dis-
tributions can be derived from the corresponding effective theory, the chiral Lagrangian.
To make these computations concrete, we have used the equivalent Random Two-Matrix
Theory to derive the distribution of the lowest Dirac operator eigenvalue in the e-regime
of QCD with imaginary chemical potential. As stressed in the introduction, these an-
alytical formulas may provide a very convenient way of determining simultaneously the
infinite-volume chiral condensate ¥ and the pion decay constant £} by means of numerical
simulations in lattice gauge theory.

We have given explicit formulas for the lowest individual distribution in terms of a
new kernel, both in the case of full QCD with imaginary chemical potential, and for the
analogue of partially quenched QCD in which quarks are dynamical, but do not carry
chemical potential. Especially the latter may provide the most useful formulation in terms
of comparisons with numerical lattice data.
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A. A determinant identity

In this appendix we prove the following identity for any number of No flavours

Ly(my) ... (L—7)FL¥(my) ... (1—T)—<N+Nz—1>£7v+N2_1(m1)

A

[A/g(mNz) s (1 - T)_kl:%(mNQ) s (1 - 7—)_(N—H\&_l)L]V\H-Nz—l("71’]\72)

0 ) . = (A1)
L§(x1) ... LY (xq) LYy N1 (1)
Ly(zn) ... L¥(zN) LY, 1(@N)
Ly o) TRLy () L NNl ) (NN I ()
LG P - ) TR Ly (PR L NN (1 ) m NN D R  (FR)
1 ¥ g NNl
1 ak; N

Here we use the notation LY (z) = " + - - - for the Laguerre polynomials in monic normal-

isation
n

Bi(e) = (1)l L) = D217

J=0

nl(n +v)!
n— )\ (v + 4)l!

. (A.2)

For simplicity we will prove the identity for one flavour No = 1 first, by induction in
N. For N =1 we have that

i’g(m) 11 Lllj(m)

m) 5 Ly(m) eig(m)
L) L)

1 2(m-v-1)|

1 r—v—1

IS CEY
1 x

(A.3)
by adding v+ 1 times the first column to the second column. Next we do the induction step,

Ly(m) ... (1=7)FLy(m) ... (1 —7)"FDLY, (m)

Ly(z1) ...  Lix) ... L% (1) _ (A1)
Ly(zn) ... L¥(zn) . L%y (zn)
Ly(my ook =) 7RLy(my N - )TV IE(2) (1 - ) NVHDLY L (m)
_ 1 ... ok o LY (1)
1 ... ak; ¥ ﬁjyv+1(a;N)
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Here we have expanded with respect to the last column and used the induction assumption
for N, as well as the fact that the sub-determinant containing only z-variables of monic
Laguerre polynomials can be replaced by the Vandermonde determinant.

To get monic powers in the last column (except in the first element) we subsequently
subtract multiples of columns from the left, using eq. (A.9), and we obtain

Ly(my R (1 — ) 7RLy(my N - )N IK () P(m)

N—+1

1 xk N x
! ! ! (A.5)
k N N+1

1 Ty T Ty

The first element in the last column now reads

N
P(m) = (1—7)"WHVLE 1 (m) =) (1)

Jj=0

Noi N+ DN +1+0) 7 1 <E>
(N+ 1=+ )5t A —7) 7 N7/
(A.6)
As a last step we need to show that P(m) = 7V (1 — T)_(NH)IA/J’VH(%). This relation
holds due to the following identity [BJ], which can be easily proven by induction. It is

expressed in terms of usual non-monic Laguerre polynomials

N+1

Y B (N+1+v)! j i (m
Narlm) = ; Ry T U AN (7) (A7)

which finishes the first part of our proof. As a remark which is useful for the main text
this identity is usually quoted as [P

n

Y B (n+v)! J(1 — )i LY (s
LY (zw) _;(n_j)!(yﬂ)!w (1—w)" LY (2) . (A.8)

In the above it was not essential in the manipulation of columns that we had one mass
flavour Ny = 1 only. We can in fact do an inductive proof in the column number & for any
Ny and N,

L¥(my) ... (I=7)"*L¥(my) ... (1 —7)~W+EN=DLy o (ma)

Lm,) o (=) R L my,) o (L= 7) NN DR ()

L¥(x1) ... LY(xy) LYy (1) - (4.9)
Ly(en) ... Li(zv) .. L ny—r (zn)
Ly(m) . Gorli () e i m) o gt Lo ()
| B L el e L () - eyt L 1 (ma)
1 zk Ly (z1) LY ny—1 (1)
1 ak; ﬁZH(xN) lA}]”\HNQ_l(xN)
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The start for k = 1 is trivially true in analogy to eq. (JA.J). The induction step from k to
k 4+ 1 easily follows by subtracting the left columns for [ < k from column & + 1, and using
again eq. (A7) for N +1 — k+ 1. Putting k = N + N» ends the proof.

B. An identity for Laguerre polynomials

The relation we show here is given in eq. (4.14),
_ N R AN
L7Nz) = Z(_)ﬁ< i >Lﬂnj_j(x), (B.1)
§=0

where the right hand side is independent of k. It follows from a known identity eq.

(4.4.1.14) in [R1)]

1 aip _ - I o—i
(5)mLm (z) ZZ:; (m — Z’)!(/B)iLZ (x) - (B.2)
Here (), is the Pochhammer symbol. In choosing o = —3 we obtain
(ma—m)t ) et
TLm (z) = ;WL" (x) .
mo_\m—j _ N '
- Z;)( ) (;);oz! mﬂ)'Lﬁf_’?ﬂ(x) | ©3)
=

In the second step we have changed summation from i to j = m — i. Finally choosing
a = m + k we obtain eq. (B.]]) above.
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